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Abstract. We construct symplectic and Kahler ray reduced spaces and dis- 
cuss their relation with the Marsden-Weinstein (point) reduction. This Kahler 
reduction is well defined even when the momentum value is not totally isotropic. 
The compatibility of the ray reduction with the cone construction and the 
Boothby-Wang fibration is presented. Using the compatibility with the cone 
construction we provide the exact description of ray quotients of cotangent 
bundles. Some applications of the ray reduction to the study of conformal 
Hamiltonian systems are described. We also give necessary and sufficient con- 
ditions for the (ray) quotients of Kahler (Sasakian)-Einstein manifolds to be 
again Kahler (Sasakian)-Einstein. 
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1. Introduction 

In this paper we study geometric properties of Sasakian and Kahler quotients. 
For manifolds endowed with a Lie group G of symmetries, we construct a reduction 
procedure for symplectic and Kahler manifolds using the ray pre-images of the as- 
sociated momentum map J. More precisely, instead of taking as in point reduction 
(Weinstein-Marsden reduce spaces, usually denoted by M^), the pre-image of a mo- 
mentum value fx, we take the pre-image of R + /i, the positive ray of fi. And instead 
of taking the quotient with respect to the isotropy group G M of the momentum with 
respect to the coadjoint action of G, we take it with respect to the kernel group 
of (i, a normal subgroup of G M . The ray reduced spaces will be denoted by Mr+„. 
We have three reasons to develop this construction. 
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One is geometric: the construction of non-zero, well defined Kahler reduced 
spaces. Kahler point reduction is not always well defined. The problem is that 
the complex structure may not leave invariant the horizontal distribution of the 
Riemannian submersion ir^ : J~ 1 (/i) — > := J~ 1 (R + /i)/G A1 . The solution pro- 
posed in the literature, is based on the Shifting Theorem (see Theorem 6.5.2 in 
[28|). More precisely, one endows the coadjoint orbit of fi, with a unique up 
to homotheties Kahler-Einstein metric of positive Ricci curvature. This uniqueness 
modulo homotheties is guaranteed by the choice of an Ad* -invariant scalar product 
on g*. Then, one performs the zero reduction of the Kahler difference of the base 
manifold M and O m . Unfortunately, this construction is correct only in the case of 
totally isotropic momentum (i.e. G M = G). Otherwise, using the unique Kahler- 
Einstein form on the coadjoint orbit, instead of the Kostant-Kirillov-Souriau form 
makes impossible the use of the Shifting Theorem since the momentum map of 
the orbit will no longer be the inclusion. Even so, one could take by definition 
the reduced space at /i momentum to be the zero reduced space of the symplectic 
difference of M and C M . But this reduced space is not canonical, in the sense that 
the pull-back through the quotient projection of the reduced Kahler structure is no 
longer the initial one. On the other hand, the ray Kahler reduction always exists 
and is canonical. 

The second reason is that it provides invariant submanifolds for conformal Hamil- 
tonian systems (see [22]) and consequently, the right framework for the reduction 
of symmetries of such systems. They are usually non-autonomous mechanical sys- 
tems with friction whose integral curves preserve, in the case of symmetries, the 
ray pre-images of the momentum map, and not the point pre-images. 

The third reason is finding necessary and sufficient conditions for quotients of 
Kahler (Sasakian)-Einstein manifolds to be again Kahler (Sasakian)-Einstein. Us- 
ing techniques of A. Futaki (see [12] . [13j). we prove that, under appropriate hy- 
pothesis, ray quotients of Kahler-Einstein manifolds remain Kahler-Einstein. We 
can thus construct new examples of Kahler (Sasakian)-Einstein metrics. 

As examples of symplectic (Kahler) and contact (Sasakian) ray reductions we 
treat the case of cotangent and cosphere bundles. We show, proving a shifting type 
theorem that, theoretically, (T*Q) K + p and {S*Q)^+ fl are universal ray reduced 
spaces. Concrete examples of toric actions on spheres are also computed. 

The paper is structured as follows. Section 2 presents the symplectic and Kahler 
ray reduction treating separately the case of exact symplectic manifolds. In the 
fourth section of this paper we deal with the cone and Boothby-Wang compatibili- 
ties with the ray reduction. We show that the ray reduction of the cone of a contact 
manifold is exactly the cone of the contact reduced space. As a corollary we obtain 
the ray reduction of cotangent bundles. Also, we prove that the Boothby-Wang 
fibration associated to a quasi-regular, compact, Sasakian manifold descends to a 
Boothby-Wang fibration of the ray reduced spaces. Section 4 presents the study 
of conformal Hamiltonian systems. We extend the class of conformal Hamiltonian 
systems already studied in the literature and we complete the existing Lie Poisson 
reduction with the general ray one, making thus use of the conservative proper- 
ties of the momentum map. We illustrate all these with the example of a certain 
type of Rayleigh systems. We also give a characterization of relative equilibria 
for this type of systems. In Section 5 we perform the ray reduction of cotangent 
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bundles of Lie groups, as well as the reduction of their associated cosphere bun- 
dles. We show, proving a shifting type theorem that, theoretically, (T*G)r+ ai and 
(S'*G)r+ m are universal ray reduced spaces. The role of the coadjoint orbit of the 
ray momentum R + fi in the construction of these universal reduced spaces is made 
clear. In the last section we find necessary and sufficient conditions for the ray 
reduced space of a Kahler-Einstein manifold of positive Ricci curvature to be again 
Kahler-Einstein. Using the compatibility of ray reduction with the Boothby-Wang 
fibration, we obtain as a corollary similar conditions for the Sasakian-Einstein case. 
All these are illustrated with concrete examples in which we construct new Kahler 
(Sasakian)-Einstein manifolds. 

2. Symplectic and Kahler Ray- Reductions 

Let G be a Lie group acting smoothly, properly, by symplectomorphisms and 
in a Hamiltonian way on a symplectic manifold (Af, lu). Denote by J : M — ► g* 
the associated momentum map and recall that it is G-equivariant. For any element 
\x € g* , let be the unique connected, normal Lie subgroup of G M with Lie algebra 
given by 6^ = ker (jJ-\g„)- This group is called the kernel group of /i. 

Definition 2.1. We define the quotient of M by G at R + /i to be Afg+„ := 

J _1 (K+//)/if M . M R+M will be called the ray reduced space at [i. 

In a paper of Guillemin and Sternebrg ( 14], Example 4) we found a geometric 
interpretation for the kernel algebra of /i. Let Or+ m be the cone of the coadjoint 
orbit through /i defined by 

(2.1) O w+ll :={Ad* g - irf x\geG,r€R + }. 

The conormal space at fj, of Or+ m is precisely 6 M . This can be easily deduced using 
the characterization of the tangent space at /x of 0^+^ given in Proposition [531 

In this section we will show that, under certain hypothesis, the ray quotient 
admits a natural symplectic or Kahler structure, once the initial manifold is sym- 
plectic or Kahler. The proof of the next theorem is an analogous of the proof given 
in [36] for the contact case (see Theorem 1). As all reduction theorems, it mainly 
uses arguments in linear symplectic or contact algebra. 

For the two results of this section we will need three lemmas. The first is a 
characterization of a locally free action and the last two are classical results of 
symplectic linear algebra. 

Lemma 2.1. J is transverse to if and only if acts locally freely on 

Lemma 2.2. Consider a symplectic vector space (V, f2) and W C V an isotropic 
subspace. Then, keril |vyn= W, where W^ 1 is the symplectic perpendicular ofW. 

Lemma 2.3. Let V be a vector space and : V x V — > K an antisymmetric and 
bilinear two-form. If V admits the direct decomposition V — X (SV with respect to 
f2 and ker Q C kerf2 \x, then kerf2 = kerfi \x- 

We are now ready to prove the first theorem of this section. 

Theorem 2.1. Suppose [M,oS) is a symplectic manifold endowed with a Hamil- 
tonian action of the Lie group G. Let /i G g* and its kernel group. Denote by 
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J : M — > q* the associated momentum map and assume that the following hypoth- 
esis are verified: 

1° acts properly on J _1 (M + /i); 

1° J is transverse to R + /z; 

3° g = ker/i + g^. 

Then the ray quotient at \x 

is a naturally symplectic orbifold, i.e. its symplectic structure wr+ m is given by 
where 

7T K+tl : J-^E+m) -► M M+fl and i R+ „ : J" 1 (R+ M ) — M 
are the canonical projection and immersion respectively. 

Proof. The transversality of the momentum map with respect to R + /i, ensures that 
J _1 (R + //) is a submanifold of M. Lemma [2.11 implies that the quotient M K + A1 is 
an orbifold and that 7^-^+^ is a surjective submersion in the category of orbifolds. 

The first step is to see that the restriction of the symplectic form on J _1 (R + /i) 
is projectable on the quotient M K + M . For any £ G 6^ and any x in M, we have that 



7TR+ M (exp^ - x )= -j: 



i+Jx) = 0. 



t=o 



Hence, ({£j-i(r+ m ) \ £, € C ker(T7r R + At ). A count of dimensions shows that, in 
fact, the vertical distribution of 7^+^ is generated by all the infinitesimal isometrics 
associated to the elements of t^. Since u> |j-i(r+^)= *r+ m w is Kp- invariant, it 
follows that its Lie derivative with respect to all vector fields {O-^k+m) I £ e ^m) * s 
zero. Let x € J _1 (M + ^) with J{x) = rp, and u € r a ,( J -1 (R + /u)). Then, identifying 
TjYjaRt/z with R/i, we obtain 

w(i R + M (:c))(£ M (:r),T x 2, l+M u) = T iK+ ^ {x) J |j-i( R+M ) = 

%+ M ( TJ I j-i(r+m))( v )K) = M(0 = 0. 
It follows that is a basic two-form which projects on Mr+ m to the closed form 

ujR+f, S A 2 (T*M AI ) with the property that 7r* +Ai w R + M = 

Since Wr+ m is a closed form, it remains to prove that it is also non-degenerate. 
For this, we will show that T X {K^ ■ x) — ker(ig + w)(x), for any x S J~ 1 (M + fi). Fix 
x e J~ 1 (R + /x) with J(x) — tp and denote by \& : M — * I* the momentum map 
associated to the action of the kernel group of /z on M. Let i T : g* t* be the 
canonical inclusion. Then, f = i T oJ and J _1 (R+/i) C J _1 (^) = Notice 
that J _1 (R+ ( u) n G ■ x = G ffi + M • x, where G R + M = {g € G | Ad*^i = rp,r > 0} 
is the ray isotropy group of /i. This Lie group has many interesting properties for 
which we refer the reader to Section 

Forany^e {T X {K„ >x)) u ', u x (v,£ M (x)) = 0, V£ G ^ if and only if T x J(w)(0 = 
0, V£ S Therefore, (T x (i^ ■ = T X U, where L/ := J" 1 ^) = *- x (0). 

We can assume U to be a submanifold of M because the transversality condition 
satisfied by the momentum map implies that acts locally freely at least on a 
neighborhood of J~ 1 (R + n) in U, if not on the whole U. 
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Applying Lemma [2.21 for (V, fl) := (T x M,lu x ) and W := T X {K^ ■ x), we obtain 
that kerwz |t x c/= T x {K^ ■ x). We have already seen that T X (K^ ■ x) C kerijjj+^Wa;. 
It follows that 

(2.2) kerwx \r a uC keru; K | Tx j-i(R+ M ) • 
Since g = ker/x + we can chose a decomposition 

(2.3) = fl At ©m with (i \ m = 0. 

Let rriM := {Cm(^) | £ G M}. For any £ G m and rj E t M , the equivariance of the 
momentum map implies that 

T x .7(MaO)fa) = = -*<P> M = *%*O0(O = 0. 

Therefore, ttim^) C T^f/ and T x J(mjvf(^)) C T tfl (G ■ tfi). It is easy to see that 

T X J \ mM ( x )- m M (x) -> T tM (G • tfi) 
is a linear isomorphism and, hence, 

(2.4) T x J(m M (x))=T tfl (G-t»). 

Notice that equation (|2.4[) , the third hypothesis of the theorem which can equiva- 
lently be expressed as {0} = (ker n (fl^) = Ra* l~l T tfl (G ■ tfx), and the fact that 
r :E J(J- 1 (]R + ^)) C R^ imply that 

(2.5) m M (x) n ^J-^M+zx) - {0}. 

A simple dimension calculus shows that ttim (%) and T x J~ 1 (R + /Lt) are complemen- 
tary subspaces of T X U . We have also seen that they are perpendicular with respect 
to lo x \t x u- Using relation (|2.2p . we can now apply Lemma [2.31 for V := T X M, 
W := and A := T 2 .J _1 (R + ^). Thus, we obtain that kerw^ \t^u= T x (K^ ■ 

x) = kerw^ \t x j-' l (9.+h)i f° r an y x S J~ 1 (M + /x). This shows that 0%+^ is a non- 
degenerate form, completing thus our proof. □ 

Notice that in the case /i = 0we recover the reduced symplectic space at zero. 
Without the hypothesis that acts properly on J _1 (R + ^i), the quotient M R + M 
may not be Hausdorff. As the Lemma 12.11 proves, the second hypothesis of this 
theorem ensures that M R + M is an orbifold. If fi is non-zero and the kernel and 
isotropy groups of fi coincide, then the quotient may fail to be symplectic. This 
always happens when the coadjoint orbit of fi is nilpotent (i.e. C M = 
As an example, consider the cotangnet lift of the action of SX(2,R) on itself by 
left translations. Identifying T*(ST(2, R)) with SL(2,R) x s/(2,R)* and taking as 

momentum value fi := ((^ ^ J ,•), one can check that = Even more, 



all the hypothesis of Theorem 12.11 are fulfilled. Since the cotangent action is free, 

'1 N 



ker/x = {( ^ ] \a, 7 G R} D g M = { ( ^ n ) I7 G R}. Except the last one, 



and dim J- 1 (M+ ) u) = 4, = {L |i G R}, the quotient ^(R+fij/K^ 
3-dimesnional, and hence not symplectic. 



Corollary 2.1. In the hypothesis of Theorem \2.1\. if the dimension of M is 2n and 
the Lie group G is d- dimensional, then the dimension of the symplectic quotient is 
2n — 2k — m = 2n — p — d + 2, where p = dim G^ = k + 1 . 
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In the symplectic point reduction, the reduced spaces of exact manifolds are 
not always exact. This is, however true, only if one performs reduction at zero 
momentum. Recall, for instance, that coadjoint orbits which are point reduced 
spaces are not necessarily exact symplectic manifolds. A counter example may be 
found in [23], Example (a) of Section 14.5. Surprisingly, ray quotients of exact 
symplectic manifolds are exact for any momentum. 

Corollary 2.2. In the hypothesis of Theorem PHI if (M,lu) = (M,-d9) with 6 a 
K ^-invariant one form, then the ray quotient will also be exact. 

Proof. We want to show that i^+^9 is a basic form for the projection 7r R + M : 
J~ — > Mr+^j. The ii^-invariance ensures that _ 1(K+ ) *r+ m ^ = 0, for 
any £ in the kernel algebra of /i. For x £ J _1 (IR + ^), we have that 

4 +fI «(vW)(6->(t+ri(^)) - J(x)it) = MO = o. 

Hence, (^5$+^) = 0> f° r an Y £ *= ^> proving that i^+^9 is basic. There- 

fore, there is a one form 9 M + such that i^, +fi 9 — 7r^ + 0. Using Theorem 12. 11 we get 
that 

Since Tr^ +)1 is injective we obtain that ujr+^ = —d9 R + /1 . □ 

A large class of examples can be obtained in the case when (M, u>) is the cotangent 
bundle of a manifold Q endowed with the canonical symplectic form ujq = —d9$. 
We treat this case in Section 02 Corollary 13. II 

We will now extend this reduction procedure to the metric context, i.e. for 
Kahler manifolds. 

Theorem 2.2. Let (M, g, lu) be a Kahler manifold and G a Lie group acting on 
M by Hamiltonian symplectomorphisms. If J : M — ► Q* is the momentum map 
associated to the action of G and fi an element of q* , assume that: 
1° Kcr [i + g p = fl; 

2° the action of on J~ 1 (R + /i) is proper and by isometries; 
3° J is transverse to K + /z. 
Then the ray quotient at \x 

M R+At := J-^R+^/K^ 

is a Kahler orbifold with respect to the projection of the metric g. 

Proof. From Theorem 12.11 we already know that [Mu+a^w+u) is a symplectic 
orbifold. It remains to show that the symplectic structure is also a Kahler one with 
corresponding metric given by the projection of g. The second hypothesis of the 
theorem ensures that (J _1 (R + /x) , i R+A1 g) is an isometric Riemannian submanifold 
of A/. 

Again, we will use a decomposition = fl^ © m, where \i | m = 0. Let \& : M — > 6* 
be the momentum map associated to the action of K^ on M and vc\-m ; — {£m(%) \ 
£ £ M}. In the proof above we have already seen that 

(2.6) T X J- 1 (R+^) 8 m M {x) = T^-^O), 

for any x £ J _1 (R + ^). Let {£i, • • • £&} and {771, • • • r/ m } be basis in fi M and m re- 
spectively, with m = dimm and k = dim^. Without loss of generality, we can as- 
sume that the infinitesimal isometries {£iAf}z— i,k and \v)jM} j= i.m 

are g-orthogonal. 
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Thus, {J£,iM , Jr]jM}i,j are linearly independent in each point of J 1 (K + /x). Even 
more, {J^m, JiljNi}i,j belong to the normal fiber bundle of J _1 (R + /i) since 

g(JVjM,V) = g(JH iM , V) = w({ m ,V) = -TJ(V)(0 = -r/i(&) = -r/ifa) = 

for any V vector field on J _1 (R + /i). The next step is to show that {J^iia}i=i,k 
is a basis in the normal bundle of T\I/ _1 (0). Notice that {^m | j- 1 (H + ^)}i=i,fe are 
tangent to J _1 (R + /i) and 

EVtiM, V) = w(£ iM , V) = THf(V)(ti) = Ti T (TJ(VMi) = 0, 

for any V differentiable section of T\E' _1 (0). Here, we have used that \& = i* T o J, 
where «*n : 9* — * 6* is the canonical projection. Therefore, {J£iM}i=i,fe are vector 
fields normal to TU, where {/ = J _1 (fc°) = * _1 (0). As dim 77/ = dimM - 
dimfiu, these vector fields form a basis of the normal fiber bundle to 777. Equation 
(|2.6[) implies that {J^iM, JVjAiJij form a basis of the normal bundle to J _1 (R + /i). 
Since the action of on J _1 (R + ^) is isometric, * R + M g projects on Mi+j, in 
g R+M and the projection 7rR+^ becomes thus a Riemannian submersion. Obviously, 
the vertical distribution of this Riemannian submersion is given by {£iA/}i=i.fc- 
Then, T x J -1 (R + /i) — {£iM}{%) ®Ti. x , where Tt x is the horizontal distribution at x 
associated to the Riemannian submersion 7r M . To see that (wr+^, gR+ M ) is an almost 
Kahler structure, we need to check that 

^+^{[x]){T x ii ll v,T x i: ll w) = g R+A1 ([a;])(C K + A1 T a; 7r A1 u,r ;r; 7r M w), 

for any [x] = tt^x) € J _1 (R + /i) and v,w € H x . Here, C R +/x denotes the projection 
of the complex structure C of to. Since T^^ is an isomorphism from the horizontal 
space at x onto T [x] Af R+AI which identifies (w R+A1 , g K + Al )(N) with (4+^, 4+ M §) lw» 
suffices to show that the horizontal distribution is C-invariant. Let « G 7^. Then 
u)(Cv,£ iM ) = g(v,^m) = 0, for any & <E Also g(Cu,C£ iM ) = g(u,&M) = and 
g(Cv,CrjjM) = g(v, tJjm) = 0, for all i = l,k and j = 1, m. It follows that Cw is also 
a horizontal vector. To show that Cr+ m is integrable we will evaluate the Nijcnhuis 
tensor A^+„. Thus, 

N R +^(T a 7r p (v), ^7^(11;)) = [Tjb^^), 7^(10)] - [C R+A1 T z 7r M (u) , C R + M T x 7r M (w)] 
+CR+ f i([C R + ll T x Tr f _ l (v),T x ir^(w)}) +C R+fJ ,([T x TT f _ l (v),C R + ll T x TT f _ l (w)}) 

= T^dVfW]) - T x -k^([Cv,Cw\) +C fL+tl {T x 'K ll {[Cv,w\)) +C n + ll (T x ir li ([v,Cw\)) 
= Tx-k^v^w] - [Cv,Cw]) +T x Tr fl (C([Cv,w])) +T x n m u(C([v,Cw})) 

= T x n fl (N(v,w)) =0, 

where N is the Nijenhuis tensor of Thus, Ck+^j is integrable and 

(M K+/1 , w R+AI , g R+M ) a Kahler manifold. □ 

Remark 2.1. Unfortunately, non zero Kahler regular point reduction is not canon- 
ical. As it is very well explained in [6] (see Exercise 3), the complex structure may 
not leave invariant the horizontal distribution of the Riemannian submersion given 
by the quotient projection (ir^ : M — > M^). Therefore it is not projectable on M M . 
The solution proposed in the literature, is based on the Shifting Theorem (see The- 
orem 6.5.2 in [28]). More precisely, one endows the coadjoint orbit of fx, with a 
unique up to homotheties Kahler-Einstein metric of positive Ricci curvature. For 
the construction of this metric, see [21], Chapter 8 in [2], and [19j . This uniqueness 
modulo homotheties is guaranteed by the choice of an Ad* -invariant scalar product 
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on g*. Then, one performs the zero reduction of the Kahler difference of the base 
manifold M and O m . Unfortunately, this construction is correct only in the case of 
totally isotropic momentum (i.e. G M = G). Otherwise, using the unique Kahler- 
Einstein form on the coadjoint orbit, instead of the Kostant-Kirillov-Souriau form 
makes impossible the use of the Shifting Theorem since the momentum map of 
the orbit will no longer be the inclusion. Even so, one could take by definition 
the reduced space at (i momentum to be the zero reduced space of the symplectic 
difference of M and O^. But this reduced space is not canonical, in the sense that 
the pull-back through the quotient projection of the reduced Kahler structure is no 
longer the initial one. On the other hand, the ray Kahler reduction always exists 
and is canonical. 

3. Cone and Boothby-Wang Compatibilities 

Traditionally, Sasakian manifolds where defined via contact structures by adding 
a Riemannian metric with certain compatibility conditions. 

Definition 3.1. A Sasakian structure on an exact contact manifold (S, 77, 5K) is a 
Riemannian metric g on S such that there is a (1, l)-tensor field witch verifies 
the following identities 

$ 2 = -W + 77®$K =gpT,9t) df]{X,Y) = g(X,$Y), 

for any vector fields X, Y. 

A good reference for this point of view is the book of D. E. Blair, [3J. 

There are other equivalent definitions of a Sasakian manifold and in the following 
proposition we present four of them. The first one is most in the spirit of the original 
definition of Sasaki (see [31]). The most geometric approach is highlighted in the 
second definition. It only uses the holonomy reduction of the associated cone metric 
and it was introduced by C. P. Boyer and K. Galicki in [5]. 

Proposition 3.1. Let (S,g) be a Riemannian manifold of dimension m, V the 
associated Levi-Civita connection, and R the Riemannian curvature tensor of V. 
Then, the following statements are equivalent: 

• there exists a unitary Killing vector field on S so that the tensor field <f> 
of type (1, 1), defined by &(X) ~ VjSH, satisfies the condition 

(Va-$)(Y) = g(9t, Y)X - g(X, Y)m, 

for any pair of vector fields X and Y on S ; 

• the holonomy group of the cone metric on S , (C(S),C(g)) :— (S*xR + , r 2 g +dr 2 ) 
reduces to a subgroup of U( m t )■ In- particular, m = 2n + 1, for a n > 1 
and (C(S),C(g)) is Kahler; 

• there exists a unitary Killing vector field on S so that the Riemannian 
curvature satisfies the condition 

R(X, m)Y = g(SH, Y)X - g(A, Y)m, 

for any pair of vector fields X and Y on S ; 

• there exists a unitary Killing vector field d\ on S so that the sectional cur- 
vature of every section containing 9\ equals one; 

• (S, g) is a Sasakian manifold. 
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For the proof, see [5]. 
Example: Sasakian spheres. One of the simplest compact examples of Sasakian 
manifolds is the standard sphere S 2n+1 C C™ with the metric induced by the flat 
one on C™. The characteristic Killing vector field (i.e. the associated Reeb vector 
field) is given by 9t(p) = —ip, i being the imaginary unit. The contact form is 
given by r\ := \{dz — ^ n y^dxj), if (xj, y\ z)j = i. n are the canonical coordinates on 
the base space. 

Recall that if (M, rj) is a 2n+l-dimcnsional exact contact manifold, its symplectic 
cone is given by C(M) := (M x M + , dr 2 A r\ + r 2 dr)) and M can be embedded in the 
cone as M x {1}. The cone of a Sasakian (S, g) manifold admits a canonical Kahler 
structure given by C(g) := r 2 g+dr 2 . If a Lie group G acts by contact isometries 
on S, then this action can be lifted to the Kahler cone as g ■ (x,r) :— (g ■ x,r), for 
any g € G and (x,r) € C(S). This action commutes with the translations on the 
R + component and, in the Sasakian case, it is by holomorphic isometries. In the 
Sasakian case, we can also define a complex structure given as follows: 

CY := ipY -r)(Y)R,,CR:= f, 

where R = rd r is the vector field generated by the 1-group of transformations 
Pt ■ (x,r) — ► (x,tr) and <p := V£, with V the Levi-Civita connection associated to 
g. It is easy to see that (S,r],g) is Einstein if and only if the cone metric C(g) is 
Ricci flat, i. e., (C(S),C(g)) is Calabi-Yau (i. e. Kahler Ricci-flat). 

Let $ : S — > Q* be the contact momentum map associated to the G-action on 
S. The lifted action on the cone is Hamiltonian and a corresponding equivariant 
symplectic momentum map is given by 

$ s :C(S)~>g* ,$ s (x,r) := e s J{x) , for any (x, r) e C(S). 

Having established the above notations, we are ready to prove that reduction 
and the cone construction are commuting operations. 

Lemma 3.1. Let (S 1 , rj, g, ^) be a Sasakian manifold and (C(S), C(g), J) its Kahler 
cone. Suppose a Lie group G acts on S by strong contactomorphisms and commut- 
ing with the action of the l-parameter group generated be the field R. Let p be an 
element of the dual of the Lie algebra of G. Then the Kahler cone of the reduced 
contact space at p is the reduced space at p for the lifted action on C(S). 

Proof. Let be the kernel group of p, (S'k+^j, ?7k+ p , gR+<J the corresponding con- 
tact reduced space, and C(S , ]r+ m ) the reduced space for the lift of the action on 
the cone. Since the -K^-action commutes with homotheties on the R + component, 
there is a natural diffeomorphism between C(S , k+ ai ) and C(S , )k+ a1 : 

* : C(S) m ,^ C(5 R+M ) , *([x,r]) := ([x],r), V[z, r] e C(S) R+ „ 

Using the commutativity of the diagram of Figure [lj it is easy to see that \& is also 
a symplectomporphic isometry. Namely, 

° 7TiK+^)*(?te+ J u A dr 2 + r 2 dn R+tl ) = i* m+t ,(v A dr 2 + r 2 di]), 

and 

**(C(g K+/ J)=C(g) M+([i , 
where i 1R+fl : ^{R+p) -» C{S), 7r 1R+AI : ^{R+p) -> C(5) ffi+(U , and 7r R+A1 : 
<I> _1 (K + /i) — > (S')r+ m are the canonical inclusion and isT^-projections, respectivelly. 

□ 
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^(RV) x R + -i=-£ C(5) B+M — *+. x R 

7r R+ /4 Xid R+ 

S«+ M x R 

FIGURE 1 . Commutative diagram used in the proof of Lemma 13.11 

Corollary 3.1. Let Q be a differentiable manifold of real dimesnion n, G a finite 
dimensional Lie group acting smoothly on Q. Denote by /i an element of the dual 
Lie algebra g* and by its kernel group. Assume that acts freely and properly 
on J _1 (R + /i), with J : T*Q — > g* the canonical momentum map associated to the 
G-action. Then the ray reduced space (T'*(Q))g+ (L1 is embedded by a map preserving 
the symplectic structures onto a subbundle ofT*{Q/K lJ ). 

Proof. Note that the symplectic cone of the cosphere bundle of Q is exactly T*Q\ 
{ot*q}- Applying Theorems 3.1 and 3.2 in |9J, and the above lemma the conclusion 
of the Corollary follows. □ 

Recall that a celebrated theorem of Boothby and Wang (see Section 3.3 in [3]) 
states that if the contact manifold (M, 77) is also compact and regular, then it admits 
a contact form whose Reeb vector field generates a free, effective ^-action on it. 
A contact structure is regular if it admits a regular Reeb vector field £H, i.e. any 
point in M has a cubical neighborhood such that all the integral curves of d\ pass 
at most once through this neighborhood. Even more, M is the bundle space of a 
principal circle bundle 7r : M — ► N over a symplectic manifold of dimension 2n with 
symplectic form u) determining an integer cocycle. In this case, rj is a connection 
form on the bundle 7r : M — > N with curvature form drj = t:*lo. N is actually the 
space of leaves of the characteristic foliation on M (i.e. the 1-dimesional foliation 
defined by the Reeb vector field of rf). If M = S is a Sasakian manifold, then 
N becomes a Hodge manifold and the fibers of 7r are totally geodesic. This case 
was treated by Y. Hatakeyama in [T5]. Even more, in @], Theorem 2.4 it was 
proved that S is Sasakian-Einstein if and only if N is Kahler-Einstein with scalar 
curvature An(n + 1) and that all the above still holds in the category of orbifolds if 
S is quasi-regular, i.e. all the leaves of the characteristic foliation are compact. 

Proposition 3.2. Let it : (S,g) — > (N, h) be the Boothby- Wang fibration associated 
to the quasi-regular, compact, Sasakian manifold S . Suppose a connected Lie group 
G acts by strong contactomorphisms on (S, g) with momentum map Js ■ S g* . 
Let n be an element of g* , with kernel group K^. Assume that the action of on 
J _1 (R + /x) is proper and by isometries and that ker [i + g^ = g. Then, the reduced 
space of N at fi is well defined and there is a canonical Boothby- Wang fibration of 
the reduced spaces: 

k ■ S R +fj, — > N R+fl . 

Proof. Denote by rj the contact form of the Boothby- Wang fibration and by its 
Reeb vector field. Since [91, £s] = for any ( £ g and G is connected, the action 
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generated by the Reeb vector field commutes with the action of G. Hence there is 
a well defined action of G on N . Even more, this action is by symplcctomorphisms. 
If Js '■ S — > q* is the equivariant momentum map associated to the G-action on S, 
the induced application 

J N : N -> g* , J n (tt(x)) := J s (x), 

is well defined for any x £ S. Indeed, if <I>^ is the flow of the Reeb vector field, we 
have 

Js(*M)(Z) = t,{*U{xMs(*UW) = i(*Urv)(xK£s{x)) = v(x)(Zs(x)) 

for any £ <E and any x £ S. This proves that Jm is well defined. Using the 
fact that it*lu = dr), it is easy to see that Jn is an equivariant momentum map 
associated to the G-action on N. We also have that n(Jg 1 (R + /x)) = J^ 1 (R + /x) and 
obviously the action of on J^ 1 (M. + fi) is proper and by isometries. Therefore, the 
quotient space N^+^ is a well defined symplectic orbifold and the induced projection 
n '■ Sr+v — * -^R+p becomes a Boothby-Wang fibration. □ 

4. CONFORMAL HAMILTONIAN VECTOR FIELDS 

In this section we will study the dynamical behavior of conformal Hamiltonian 
systems. This class of systems comprises mechanical, non autonomous systems with 
friction or Rayleigh dissipation. The definition of conformal Hamiltonian vector 
fields appeared for the first time in the work of McLachlan and Perlmutter, see 
[22] . In this section we will see that in the presence of symmetries the solutions of 
conformal Hamiltonian systems preserve the ray pre-images of the momentum map, 
but not the point pre-images used in the construction of the Marsden-Weinstein 
quotient. Therefore, the right tool for the study of symmetries of these systems is 
the ray reduction and not the point one. We will also enlarge the class of conformal 
Hamiltonian systems previously defined and we will complete their Lie-Poisson 
reduction with the general ray reduction. 

Recall that the energy of autonomous Hamiltonian systems is conserved. If they 
are endowed with an appropriate symmetry group G, then they also obey an other 
conservation law. Namely, if H £ C°°(M) is the G- invariant Hamiltonian, J : M — > 
q* an associated equivariant momentum map, the pre-images {J _1 (/i)|^ £ g*} are 
invariant submanifolds of the Hamiltonian vector field. In symplectic geometry this 
conservation property is known as the Noether theorem and it states that if t — * c(t) 
is a solution of the Hamiltonian system starting at the point xq with momentum 
J{xq) = fi, then at any time t the solution will have the same momentum /i. In other 
words, the Hamiltonian flow leaves the connected components of J _1 (/i) invariant 
and commutes with the group action. Hence, it projects on onto another 
Hamiltonian flow corresponding to the smooth function £ C°°(M^) defined by 
Hfj, o 7r^ = H o i^. The triple {M^,lo^ 1 Xh^) is called the reduced Hamiltonian 
system. Of course, in this setup appropriate symmetries refer to a proper, free 
action which ensures the smoothness of the quotient M M . This is a classical result 
of J. Marsden and A. Weinstein. For the proof and physical examples, see [24] and 

m- 

However, in physics there are a lot of simple mechanical systems whose energy 
is not conserved, but dissipated. One class of such systems is the class of conformal 
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Hamiltonians. In [22] and in the following paragraph we will briefly recall the 
definition and some of their properties. After, we will show how to extend the class 
of conformal Hamiltonian systems. 

In this sction [M, uj — —d9) will be an exact symplectic manifold. The vector 
field Xfl on M is conformal with real parameter k if i X kU> = dH — kO for a smooth 
Hamiltonian H. This condition is equivalent to L X k^ = — kuj. Note that the hy- 
pothesis of exactness of the symplectic form does not restrain the generality since 
a symplectic manifold admits a vector field with L X k — —ku> if and only if it 
is exact. If, in addition, H 1 (M) = 0, then all the conformal vector fields on M are 
given by 



where Z is the Liouville vector field defined by izUJ = —0. For the proof, see 
Proposition 1 in [22]. It was noticed by the authors of this article that, in the case 
of Lie group symmetries, the conformal Hamiltonian vector fields have a special 
behaviour with respect to the associated momentum map. Namely, 

Proposition 4.1. Let G be a Lie group which acts on (M,uj = —d9) leaving 
the 1-form 8 invariant and H a smooth, G-invariant function on M. Denote by 
J : M — > g* the associated G-equivariant momentum map. Then, X k H is a G- 
invariant vector field for any real k and its flows preserves the ray pre-images of 
the associated momentum map as follows: 



for any integral curve x of X^ and any time t. 

In other words, the motion is constrained to a ray of momentum values entirely 
determined by the initial momentum. Hence, the ray pre-images of the momentum 
map are invariant submanifolds for the conformal Hamiltonian vector fields. In the 
hypothesis of Proposition 14. 11 with M the cotangent bundle of a Lie group G, the 
authors have performed the conformal Lie Poisson reduction and reconstruction of 
solutions for conformal Hamiltonian vector fields. However, they could not exploit 
the ray momentum conservation, nor perform a reduction which uses not only the 
group invariance, but also the ray-momentum one. Proposition 14.11 and Theorem 
12.11 immediately suggest that the appropriate method of reduction for conformal 
Hamiltonian vector fields is the ray reduction constructed in Section [2] 

But before passing to details, we want to show how to generalize the definition of 
conformal Hamiltonian vector fields in order to include in this study more physical 
systems. Let us first recall the example of Rayleigh systems. On the canonical 
symplectic manifold (M. 2n , q,p, uj = dq A dp) they are defined by 



where H — T + V(q) , T — \p T M(q)p, M positive definite. If R is positive, 
they dissipate energy since dH = —R(q)(^-, ^|-). Of course the system (|4. 1 [) is 
conformal Hamiltonian with parameter k if and only if R(q) = kM(q)^ 1 . Howevere, 
if the real parameter k is replaced by the real function f(q,p), then the vector field 
defining (|4.1[) is characterized by the equality ixw = dH — f6. 



{X H + kZ\H eC°°(M)}, 



J(x(t)) 



J(x(0)), 



(4.1) 
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These examples suggest the following enlarged definition of a conformal Hamil- 
tonian vector field on an exact symplectic manifold. 

Definition 4.1. The vector field X* H on the symplectic manifold (M, us = —dQ) 
is conformal Hamiltonian with conformal parameter the smooth function / and 
smooth Hamiltonian H if i v f lu — dH — f8. 

Remark 4.1. Observe that if H 1 (M) = {0}, X^ H is conformal Hamiltonian if and 
only if LyfUi = —d(f0). 

Remark 4.2. The conformal Hamiltonian X^ H = Xh + Zf is the summ of the 
Hamiltonian vector field determined by H and the vector field uniquely determined 
by the relation = — fO. In local coordinates (q,p), Z is given by fp-§^- 

The next proposition shows that this enlarged class of conformal Hamiltonians 
behaves well in the presence of symmetries. 

Proposition 4.2. Let G be a Lie group which acts on (M,lu — —d6) leaving the 
l-form 9 invariant, H and f smooth, G-invariant functions on M. Denote by 
J : M —* g* the associated G-equivariant momentum map. Then, X^ H is a G- 
invariant vector field and its flow preserves the ray pre-images of the associated 
momentum map as follows: 

J(x(t)) = e eSS ~ f(Msy>dS J(x(0)), 
for any integral curve x of X H and any time t. 

Proof. Denote by 4> the action of G on M. Then, for any g £ G we have 

(4.2) <f>* g (i x f H v) = <t>* g (dH - fO) = dH-f9 = i xL u, 
since / and H are G-invariant. On the other hand, 

(4.3) 4>* g {i x f a u) =i nx f H <t>* g u = i nx f H U, 

Since ui is non-degenerate, (|4.2p and (|4.3|) imply that X' H is G-invariant. 

First recall that any exact symplectic manifold admits an equivariant momentum 
map given by J : (M,oj = d9) — * g* , (J(x),£) := 0(£m)(x), for any x £ M and 
£ £ Q. Now, let x(t) be an integral curve ofX{j. Then, 

j t {J(x(t)),0 =Tjt(X f H (x(t))) =cj(x(t))(X f H (x(t))^ M (x(t))) = 

dH(£ M (x(t)) - f(x(t))9^ M (x(t))) = -f(x(t))jt(x(t)). 

Hence, J*(x(t)) = e ^>- nx(e » s jt(x(0)) for any £ £ g and any time t. □ 

Remark 4.3. Note that if 9, /, and H are /^-invariant, with the kernel 
group associated to fi £ g* , then the corresponding conformal Hamiltonian is also 
_ftT M -invariant. Even more, if the _ftT M -action is proper and free X^ H projects onto 
a conformal Hamiltonian with parameter function and Hamiltonian canonically 
induced by / and H. 

Definition 4.2. If in the hypothesis of the above remark one replaces with G, 
the point x £ M is called a relative equilibrium (or relative periodic) point of X^ H 
if it descends through the projection M i— > M/G onto an equilibrium (or periodic) 
point of the reduced conformal Hamiltonian. 
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Proposition 14. 21 suggests that the ray reduction is a natural tool for the study of 
conformal Hamiltonian systems. Indeed, 

Proposition 4.3. Consider (M,lu = —d6) an exact symplectic manifold endowed 
with the smooth action of a Lie group G. Choose an element /i in g* with kernel 
group K^. Denote by J : M — > Q* the associated equivariant momentum map de- 
fined by J (#)(£) := i$ M Q, for any x £ M and £ € q with infinitesimal isometry £m- 
Suppose that all the hypothesis of Theorem \2.1\ are fulfilled and X H is a conformal 
Hamiltonian vector field with H and f K ^-invariant functions. Then, 

£ 

• the flow of X J H induces a flow on the ray reduced space M R + M defined by 



the vector field generated by the flow <$>f 11 is conformal Hamiltonian (X^) R +^ 
with 



The vector fields X H and (-XjjJr+u are 7Tr+ ^-related. 

£ 

• a point x € M with momentum \x is a relative equilibrium of X H if and 
only if there is an element £ of the ray isotropy algebra 3^+^ such that 
Xjj{x) — £,m{x) or, equivalently, $t(x) = expi£ • x, for any time t. The 
relative equilibria of X H with momentum /i coincide via the 7r K + ^-projection 
with the equilibria o/(X^-)r+„, or, equivalently, with the points x E M with 
momentum [i for which there is a £ € Qr+ii such that 

(4.4) d(J« - H){x) = f(x)0(x). 

£ 

• a point x G M with momentum fi is a relative periodic point of X H if and 
only if there is an element g of the kernel group and a positive constant 
t such that <^t+r{x) = g$t(x) at any time t. 

Remark 4.4. Note that, in local symplectic coordinates (q,p), condition (14. 4|) is 
equivalent to 



(4.5) 



djJ^-H) 
dq 

dp 



Proof. The first two points of the theorem are a direct consequence of Proposition 
14.21 For the rest, suffice it to use the definition of a conformal Hamiltonian vector 
field, the relation u>{^m, ) = dJ*(-), and Proposition 14.21 □ 

Example 4.1. The reduction of a Rayleigh system on T*(R 2 * x R 2 *). 

On (r(l 2 *xl 2, ),(g,p)) ~ ((R 2 * x R 2 *) x R 4 , ( qi ,q 2 , Pl ,p 2 )) consider the Rayleigh 
system given by H(q,p) = 5(||g|| 2 + b|| 2 ) and f(q,p) = \\ qi \\ 2 + \\ Pl \\ 2 . Consider 
the cotangent lift of the rotation action of S 1 x S 1 on R 2 * x R 2 *. The reason for 
restricting R 4 to (R 2 * x R 2 *) is to have free symmetries. The action is also proper 
and H and / are S 1 x ^-invariant. Let fi := ((0, 1), •) be an element of (R x R)*, 
the dual of the Lie algebra of S 1 x S 1 . Then = {e} x S 1 and t M = {0} x M. 
The momentum map associated to the S 1 x S^-action is given by 

J : R 2 * x R 2 * xl 4 ^(lx R)* , J(q,p) = (qi ■pj,q 2 -pi), 
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for any (q,p) = (q 1) q 2 ,pi,p 2 ) G M 4 \ {0} x M 4 with pf = (pi2,~Pii), i = 1,2 and 
J-^K+Zi) = {(q,p) € (M 4 \ {0}) x M 4 |gi • p[ = , q 2 ■ p\ € M+}. By TheoremEU 
the ray reduced space (T*(M 2 * x K 2 *)) R+AI is embedded in T*( m ^ } x ^ ) 
~ T*(M 2 \ {0} x (0, oo)). The reduced Rayleigh system is given by 

H R+ ^q 1 ,s 1 ,p 1 ,s 2 ) = i(||<Zi|| 2 + ||pi|| 2 + ||s|| 2 ), R R+t ,(q) = ||gi|| 2 + bi|| 2 . 

One can easily check that the only relative equilibrium points are given by q\ — 
(0,0), q 2 — (0, a),pi = (0,0), p 2 = (— q,0) with corresponding velocity £ = (0, 1) G 
0R+AI =1x1. 

5. Ray Reductions of Cotangent and Cosphere Bundles of a Lie 

Group 

In this section we will determine the ray reduced spaces for lifted actions on 
cotangent and cosphere bundles. We will show that these ray reduced spaces are 
universal in the sense that any (symplectic) contact (ray) reduced space can be 
recovered from the (ray) reduced space of a (cotangent) or cosphere bundle. 

Let G denote a d-dimensional Lie group with Lie algebra g. G acts on itself by 
left translations. This action lifts canonically to an action on T*G which admits 
an equivariant and right invariant momentum map 

(5.1) J l :T*G^q* , J L {a g ):=T:R g (a g ). 

Similarly, for right translations we can construct the equivariant and left invari- 
ant momentum map 

(5.2) J R : T*G -» * , J R (a g ) := T* e L g (a g ). 

Denote by C M the coadjoint orbit of an element fi of g* and let Om +m be its cone 
defined by (j2~T]) . 

Since for the ray-reduction the role of the coadjoint orbit will be played by a 
diagonal product of its cone and the quotient of G by the corresponding kernel 
group, we will now describe their manifold structure. We will see that, in general, 
is an immersed smooth submanifold of q* . 

Definition 5.1. Let Gr+ m be the ray isotropy group of /x defined by Gr+ ai := {g G 
G | Ad*n = r g pi, for &r g € K + }. 

Lemma 5.1. The ray isotropy group Gr+„ is a closed Lie subgroup of G. Its Lie 
algebra is given by 

Qu+tj, = {£ G g | ad^p = r^/i for a r$ G E}. 

Proof. We have the following sequence of subgroups G M < Gr+^j < G. To prove that 
the ray isotropy group is closed in G, suppose {g n )nefi is a convergent sequence in 
Gr+„ with lim g n = g G G. Then lim Ad* fi = ( lim r gii )/x = Ad*[i, for {r gn ) n eK 

a convergent sequence of positive numbers. Since the coadjoint map is linear and 
/i =/= 0, lim r gn is a strictly positive number and hence g G Gr+ m . Thus, the ray 
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isotropy group is closed. To determine its Lie algebra, let first £ be an element of 
9r+/j- We want to show that exp(t£) belongs to Gr+ m for arbitrary t e 1. Then 

We have used the following formula 

( 5 - 3 ) ^ d s(t)M(*) = Ad s(t) ^o^W^W + ^) » 

where = Tg(t)R g ~n)('dt) and /tt(i) are smooth curves in G and g* , respec- 
tively. It follows that Ad* t tH — e r «*^ and expt£ G Gr+^j for every real t. For 
the reverse inclusion, suppose £ is an element of the Lie algebra of the ray isotropy 
group. Then we know that expi£ G Gr+ /j and Ad* e ^ pt ^ — r t [i with r t a positive 
real number for every t 6 K. Deriving at zero the above equality, we obtain that 
ad|/x = ( ^ | t _ ft) Mi completing thus the proof of this lemma. □ 

Remark 5.1. As we saw in the proof of Theorem 12.11 if the Lie group G acts 
in a Hamiltonian way on the manifold M and this action admits an equivariant 
momentum map J : M — ► g*, then for every x G J^ 1 (M. + fj,) we have that 

J- 1 (M+ Ai )n(G-x) = Gr +m -x , T X (G R+ ^ • x) = T X (G ■ x) n T x ( J" 1 (R+/i)). 

Lemma 5.2. TTie ray isotropy group Gr+^ acts on GxR+ by g'-(g,r) — > (g'g, ^—), 
where Ad*,fi = r g i\i. This action is free and proper and, therefore, the twisted 
product G x q r+ R + is well defined. Even more, the surjective map 

/:GxM+^Or +m , f(g,r) := Ad* g (rfx) 

descends to a diffeomorphism on the twisted product G x g h+ R + ■ 

Proof. Since it consists of direct calculations, we skip the proof of this Lemma. □ 

Remark 5.2. Note that the above Lemma implies that the dimension of the cone 
coadjoint orbit at fi is given by dim0R+ A1 = dimG + 1 — dimGR+ At . 

For technical reasons we need a precise description of the tangent space of the 
cone coadjoint orbit. 

Lemma 5.3. Let Or+ m be the cone of the coadjoint orbit through (i£g*. Then its 
tangent space at [i is given by 

T„0 R+f , = {ad*fx + rfi \ r G R , £ G g}. 

Proof. Consider the smooth curve in Or+^j given by fj,(t) := Ad*^ p ^ (e tr fi), where 
r is an arbitrary real number. Note that /u(0) = (X and ^ | fJ,(t) — £ fl * (/i) + rfi = 
ad^/j, + rfi. Therefore, A := {adtfi + r/i|r e t,? e g} C T p OR +/i . 

Let g = g K+M 9 m K+AI be a splitting of g, and • • • £_ k }, {£ fe+ i, ■ • • &} basis of 
$Jr+„ and ttiR+„, respectively. It is easy to see that the set {(,k+i (p), " ' > (a*)j A*} 
forms a basis of A. And since dim({£k+i g * (/i), • • • , £dg* (/-*)> A*}) i s dim(GR+ M ), 
it follows that ^4 = T m Or +ai . □ 

Proposition 5.1. The cone coadjoint orbit Or+ m is an initial Poisson submanifold 
of g* and if the coadjoint action is proper, it is even a closed embedded submanifold. 
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Proof. The simplest way to see this is to notice that the ray coadjoint orbit of /x is 
actually the orbit through /i of the following action of G x R + on g* 

(9>r) ■ M' : = A(F g -irtf, 

for any (g,r) E G x R + and any // G g*. Therefore, as any orbit it is an initial 
Poisson submanifold. Since the coadjoint action of G is proper, so is the action of 
G x IR + . Therefore, Og+j, is a closed embedded submanifold of g* . Of course, one 
can easily verify that the smooth structure of 0^+^ as orbit of the (G x R+)-action 

coincides with the one described in Lemma [521 Indeed, G Xn , R + and 

are diffeomorphic manifolds. □ 

Since the coadjoint action of G restricts to 0k+ m , we have the following. 

Fix /j, an element of g*. Notice that the Lie algebra of the kernel group of 
fi, t M is closed in g M . Let U be an open neighborhood of in g such that the 
exponential map exp : U — > exp(C7) is a diffeomorphism. Choose V C U a closed 
neighborhood of 0. Then exp(V) c exp({7) is a closed neighborhood of e. We want 
to show that exp(V) n if^ is closed in G. Thus, suppose (fc„) nG N = (exp£„)„ e N 
is a convergent sequence of exp(V) n with (£ n ) n gN a sequence in V. Since 
exp -1 fc n = for every n G N, it follows that in fact € f„. Using the continuity 
of the exponential map and the fact that the kernel algebra is closed in g, we have 
that lim exp -1 k n = lim = £ G 6„. Therefore lim expf„ = exp lim = 

n — >oo n — >oo ' n — >oo n — >oo 

exp£ € and exp(V) n -K^ is closed in G. A standard result of Lie theory (see, 
for instance, [TD]), Corollary 1.10.7) implies that the kernel group of /i is a closed 
regular Lie subgroup of G and the quotient M- is a smooth manifold. 

Now we are ready to define the manifold which will play the role of the cotangent 
orbit for the ray reduction, namely the diagonal product of the cone coadjoint orbit 
and the quotient of G by the corresponding kernel group 

Diag (o M+fl x Ipj := {(Ad* g rn,g) \g G Gandr G K+}. 

Recall that given two surjective submersions 7Ti : Mi — > E and 7T2 : Af 2 — > -E, the di- 
agonal of Mi x M 2 over (tti, 7t 2 ), Diag (Mi x M 2 ) := {(a;i, x 2 ) G Mi x M 2 1 7ri(xi) = 
712(^2)} is a submanifold of Ml x Af 2 and its tangent space is given by 

T (xi!X2) (Diag(Mi x M a )) =i{(«i,«a) G T xl Mi x T X2 M 2 \ T xi iri{v{) = T X2 tt 2 {v 2 )} = 
Diag(T xl Mi x T X2 M 2 ). 

In particular, for 7ri : Or+ u — * ^ G defined by irAAdtru) := g and 7r 2 the 
canonical projection from -5- onto -^P- — we obtain that 

T (Ad»rn,g) Dia S ^R+/i X - Dia § ^ T Adg'- AI CR+ M ,Tg-^-^ ^ T Ad * r ^O R + ^. 

More precisely, we have that 

T( A d*r»,g) Diag (or+„ x -^-J = {(adK^r/*) HVAdJrp, &?(£)) |£ G g,r' G K}, 

for any (Ad*rfj,,g) G Or+ m . Here £g(<?) denotes the projection on of the infin- 
itesimal isometry associated to £ with respect to the action by left translations of 
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G on itself. Let lu^ + be the two form on Diag (o R+M x ) defined by 
(5-4) 

w R+ AI (^ d g r / i '.9)(( a,i 6^ d g r M + 7'i^9^ I CiG(g)), (ad\ 2 Ad*r^ + r 2 Ad* g rn, &g (_*))) 

= -<AdJrM£i,6]> +r 2 {Ad*r^i 1 ) - n^r/i, 

for any (Ad* g r^,,g) S DiaglOjj+p x -^-J and any tangent vectors (ad^ Ad*r[i + 



riAd*rii,^i G )i=ia € ^(Ad^g) Diag ^0 R+AI x -^J . In fact, as we will see from 

Theorem 15. 1[ ^Diag ^C R + M x -^^j ' w o E+ ) 1S a weu defined symplectic manifold. 
One could also prove this directly, but we prefer to skyp the computations and 
apply instead the ray reduction. 

Theorem 5.1. Consider the cotangent lift of the action by left translations of a 
Lie group G on itself. For every (i£g* with kcr /i + = g. the ray reduced space 
(T*(G) K +„, is well defined and symplectomorphic to the diagonal manifold 

^Diag ^0r+ m x with symplectic form defined by (15. 4|) . 

Proof. Since the cotangent lift of left translations is a free and proper action, if (i 
is an element of g* with ker^/ + jj m , = g the ray reduced space at fi, (T*G)r+ m = 

J -1 (B + u) _____ 

L ^ — — is well defined. J R is the momentum map defined by (|5.f [) . 

Note that J^ 1 (R + fi) = {T*R g -i (r/i) | g S G, r £ R + }. The momentum map 
associated to right translations (see (|5.2p ~) induces the application J R : (T*G) R + Al — > 

Diag (Oh+m x ^-J defined by Jr([« s ]) := (J R (a g ),g) = (Ad*rp,,g), for any a g = 

T* R g -i (rfj,). To see that Jr is well defined, fix an arbitrary k € iT^. Then, 

Jr([& ■ %]) = Jr([/_ • T*R g -irn}) = J R ([Tj* g L k -iT*R g -ir(J,]) 

= (T*L kg T£ g (R g -i o!h)M,M = (Ad* g (rn),g), 

proving thus that J R is indeed well-defined. Since the kernel group of fx is a 
subgroup of its isotropy group, J R is also one to one. Surjectiveness is obvious 
and hence J R is a bijection. Its inverse is given by J R -i : Diag ^0 R + M x W^j ~ * 
(T*G) R + P , J R -i(Ad*rn,g) = [T*R g -irfj]. 

To prove that Jr is smooth, and hence a diffcomorphism we will use the right 
invariant 1-form A £ A 1 (G) given by X(g)(v g ) := T*R g -ifi(v g ). The graph of A 
defines the diffeomorphism F' : G — > J^ L 1 (fi), F'{g) := A(<?) = T*R g -i[i. Consider 
the map F : G x M+ — > J^ 1 (R+/i) given by F(g,r) := F'(g)r, for any elements 
g £ G and r G M + . It is obviously smooth and we want to show that it descends 
to a diffeomorphism : Diag (g x Gr+m R+) x ^) -> (T*G) R+/1 , F(([_7,r],_») = 
[T*ii g -ir/x]. Let us first verify that it is a well defined map. For this, let (k,r k ) £ 
G x G . +(i K+ with g = kg, so that ([(kg, ^)],kg) = ([(g,r)],g). The equality of the 
second components implies that actually k belongs to the kernel group of [i. Then 
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we obtain 



- T * T T 

F([(kg,—)],kg) = [TLR ikg) -x — n] = [T£ R g -iT£L k -iT*L k T£R k ~i — //] 



Tk 



r k 



T k 



[T kg Rg-^T k L k -iAd* k —ij] = [k ■ T*R g -irfi\ = [T*R g -ir/j] = F([g,r],g). 



Observe that Jr o F is precisely the diffeomrophism of Lemma 15.21 Therefore, Jr 
is also a diffeomorphism. Its inverse is given by 

G 

^ . Jn-i{Ad g rii,g) = [T*R g -irfj], 



Jr-i : Diag ( O r+m x — ) - (T*G% 



and we can endow Diag ^0r+ m x -Q- J with the symplectic form w c + := Jp-i 
In order to give the explicit description of uj^ + fix (v4d*r/i, 6 Diag ^0r+ m x -^-^ 
and two tangent vectors {«i = (ad^.Ad*r^, + riAd*rfX,£iG(g)}i=i,2 in 
Diag (o 

R+^i x ) ■ It follows that 
w o.+ (^g r Mj <?)(«! ^2 ) = ^R+ M ([7 1 gi? 9 -ir^])(r (j4d . rM!§) J fi -i(w 1 ),T (j4d . rAI ^ ) J fi -i(w 2 )). 



Note that 



T^Ad'r^.^JR- 1 i v i) 



T, 



(Ad*r^,g)' 

d_ 



t=0 

d 

dt 



(j R -i (Ad* cxpt ^Ad* g r^ (expt& • g)) 



g oxp tf < -^(g oxp tf ;) _ 1 



t=0 



e tr '(T*R g -irn) ■ exp*& ) = T^h _ irfl TT Klt (X ei (T*R g -iriJ,)), 
=o / 



where X" is the vector field on T*G with flow given by 

ay) := T* cxptii R cxp -t&e tr 'a g ,, for any ay G T*,G. Then, using the fact that 
7r R+/i U; R + M = *r+^( — ^) an( i the above calculus, we obtain 

u 0m+ii {Ad g rn,g)(v 1 ,V2) = tt* k ^uj r + ^(T* R g -irn)(X^ (T*R g -irfi), X& (T*R g -ir(J,)) 

-x«He(^ 2 )(T;i? fl - 1 r^)+x« 2 (e(x« i )(r;i? fl - 1 r M )+e([xf i ,x^])(T;ji s - 1 rM). 

Next, we want to show that 

(5.5) e(X^) = 4 & ndX^(4)(T;R g - ir ^ = (Ad* g r^ + n{Ad* g r^^ 3 ), 

for i = 1,2. Indeed, for any a g £ T*G we have 

d 



KX^)(a g ) = (a g ,T a MXt<(a g ))) = (c 



dt 



n(e tri a g ■ expt&)) 



t=o 



(a g ,6G(5)> = -4' (Otg)- 
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This also implies that X^ 1 and £,g are 7r-related vector fields. And 



x^(4)(t;r 9 -^)= - 



9 *"9 
d 

dt 
d_ 



^(e^I^-ir/i-exptfc 



T*L g oxp (T* cxp tf . i? cxp ~t^{e trzT * a R g- ir ^)) (£j ) 



Ad 



9 cxp 



Ad* g (ad* Adg ^rn + nr/i)(^) = {ad*^{Ad* g r ^) + nActgr/j,)^). 



Note that in the above calculation we have again used formula (|5.3|) . Applying 
(H3D, it follows that 



w^(i4^rAi,ff)(«i,«2) = —X^ 1 (8(X&)(T* R g -ir[j,) + X^ 2 (9(X^ 1 )(T* R g -irfi) 



In particular, for g — e and r = 1 we have that 



w e> + GM)((ad| 1 /i + ri/i,|i),(ad| /i + r 2 /i,6)) = -(/■«, [£i> 6] ) + r 2 (/^,£i) 

-ri(M,6)i for an y£{*=i,2} e g. 



The first term in the above expression is precisely u> (^(ad^fi, ad^/i) and hence 
the minus sign in the notation of the symplectic form on Diag ^0^+^ x jj*-^ ■ D 



Corollary 5.1. In the hypothesis of Theorem \5.1[ the symplectic form lu + de- 
fined by (|5.4p is G-invariant with respect to the following action 

9i ■ {Ad* g rn,g) := ^Ad*-xAd* g rn,gg^ , 
for each g\ in G and {Ad* g r^i 1 g) in Diag ^Or+ m x -^-J . 

Proof. Fix gi in G and x :— (Ad*rfi, g) in Diag ^Or+ m x ■j^J . Let be the tangent 
vector (adl(Ad g rfi) + r^Ad* g rfi, | G (o)) G T {Ad , r ^ g} Diag (o R+fi x ^-J. Here £ is 
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an arbitrary element of g. Then, we have 
u o R+ (.9i - x )(9i -v^gi-Vr,) = 



R+ 



(91 ■ x) 

d_ 

dt 



t=o 



9i 



u O s+fl (9i ■ x) (jAdT-iVt, (Ad^) G (99i 1 )) , (^T-^, (Ad^ V ) G {gg 1 = 

v Ad gi ri, 

(Ad^i 1 ) G (gg 1 = 

- (^d*?^, [£,77]) +r 7] {Ad* g rii,Ci - r c (Ad* g rfi, rj) = Uo R+ii ( x )( v Z' v n ). 
Therefore, ujZ. is G-invariant. □ 

Proposition 5.2. 77ie symplectomorphic G-action on ^Diag ^Or+ m x -^-^ ' w o H+ ) 
admits an equivariant momentum map 

G 



-7o B+(j : Diag [O m+) , x — j - q* , I 0r+ ^ (Ad* g r^ g) := -Adjr/i, 
/or eacft (Ad*r^,g) in Diag ^Or+ m x . 

Proof. Let £ be an element of g and denote by 1^ + : Diag ^0 R + M x — > M the 
map given by (Ad*r[i,g) {Ad* g r[i,£). The infinitesimal generator associated to £ 
on Diag (e> R + M x ^- ) is 

d 



Diag(o B+M ; 



(Ad*rfi,g) 



dt 



t=o 



Ad. 



exp(-t£) S 



Ad*7>,ffexp(-t£) 



(a<f £ (Ad* 77X), -&?(<?))) for any {Ad* g rn, g) e Diag C R+/I 



_G 



Then, for all (ad*Ad*r/j + r v Ad* g r^,fj G {g)) e T (Ad » rAt!§) Diag (e> R+At x , we 
obtain that 



(5.6) 



i £ „, {^d,*rn,g)(ad*Ad*riJ, + r ri Ad*rfj,,r} G (g)) 



*Ad*rn + r v Ad*r^,, f/aig)) 
(Ad* g r(i, [Z,rj\) -r v {Ad* g rii,ei. 

On the other hand, 
(5.7) 



T(Ad;r,.,a)4, + „ (a^^ + r^d; 7^,7)0(3)) = — 



t=0 



= -{Adr g rfi, [Z,v])+r„{Adr g rn,Z). 
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Equalities (15.6H and (15.71) imply that X_ T ( = f. r G \ for all ^ e g. Hence 

the proof of this proposition is complete. □ 

Recall that the symplectic difference of two symplectic manifolds (Mi,u>i)i—x r 2 
is Ml M 2 := (Ml x A/ 2 , n*wi — 7t 2 cj 2 ), where (m : M\ x M 2 — > Mi) i=1 ^ are the 
canonical projections. If the Lie group G acts on both Mi and M 2 such that these 
actions admit equivariant momentum maps (J^ : Mj — > 0*)i=i,2) then the diagonal 
action of G on the symplectic difference Mi M 2 admits an equivariant momentum 
map given by J e i := J\ o 7Ti — J 2 o 7r 2 : Ml M 2 — > g* . 

The following theorem illustrates the theoretical importance of the diagonal 
product Diag ^0r+ m x m the reduction procedure. Namely, any ray reduced 
space can be seen as the symplectic difference of the initial manifold and the di- 
agonal product of the associated ray coadjoint orbit with the quotient of G by the 
kernel group. 

Theorem 5.2 (Shifting Theorem). Let the Lie group G act smoothly on the sym- 
plectic manifold (M, u>) such that it admits an equivariant momentum map J : M — > 
g* . Fix /i an element of the dual Lie algebra of G and suppose that the hypothesis 
of Theorem \2.1\ are fulfilled. Then G acts diagonaly on M Diag ^Or+^j x 
and its symplectic reduced space at zero is well defined. Even more, 
^M Diag ^0r+ m x TfjIJ * s symplectomorphic to A/ K + M , the ray reduced space 
at /i of M . 

Proof. The symplectic difference M0Diag ^Or+ m x -^-^j has symplectic form -k\u^~ 
ttjWq + and momentum map Jd '■= J ° ~k\ + Io F+ i"2- Of course, m : M 

Diag (o R+fl x -> M and ^ 2 : M Diag (o R+f , x -> Diag (o R+p x -^-) 

are the canonical projections. It is easy to check that in the hypothesis of Theorem 
12. 11 the O-symplectic reduced space is well defined. 

Let 4> : J- 1 (R+fi) -> M Diag (o R+f , x ^ be the map defined by x € 
J _1 (R + /i) 1— > (a;, (— J(x), e)). Denote by [</>] its (K^, G)-projection 

G 



[0] :M R+ ^ \ M Diag ^O r+a1 x — J J , := [x, (- J(x), e)], 

where [, ] and * denote the G and -FT M -classes, respectively. This map is well de- 
fined. Indeed, let k be an element of the kernel group of /1. Then, \<f)](kx) = 
[fcx, (— J(fcx), e)] — [kx, (— k ■ J(x), fc -1 )] = [k ■ (x, (— J(x), e))] = [</>](x), for any 
.x e MR+ (tt . To see that [</>] is injective, let ii,x 2 be elements of M R + M such 
that [xi,(—J(xi),e)] — [x 2 , (— J(x 2 ), e)]. Then, there is g an element of G such 
that (<?xi, (— gJ(x), g^ 1 ) — (x 2 , (— J(x 2 ), e)). It follows that g € if^ and gx\ = 
x 2 . Hence x% — x 2 and [</>] is one-to-one. If [x, (Ad*rfJ,, g)] is an element of 

(M Diag (o R+M x ^-)) , then J d (x, (Adjr/x,^)) = J(x) + A^r/x = 0. There- 
fore, gx € J _1 (M + ^), 

[4>](gx) = [gx,{-J(gx),e)} = \gx,{-gAd* g rn,gg- 1 )] = [x, (-J(x), e)], 

and [(f)] is onto. As it is obviously a smooth map, we obtain that [<f>] is in fact a 
diffeomorphism with inverse given by [x, {Ad* g r^,g)] 1— > [gx]. 
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To show that [<j>] is also a symplectic map, fix x in M R + M and («i)i=i,2 in 
TzJ-^JRV). Note that T x (% 2 o<p){vi) belongs to Rfi ~ T, (x )(R+/i) for each i = 1,2. 
Suppose J(a;) = r/x and (T X (7T2 o <p)(vi) = r,/i)i = i j 2 with (7^)1=1,2 reals. Then, using 
the function equalities [(/>] o ttk^ = fG <f> and iri o = Jg?j-i( R + m ) , we obtain 

M'Ww - 7r2 w o 3 , +tl )o( i )( T ^ 7r ^ tI ' y i' T ^ 7r ^ u 2) = 

W W -f2 W 0, +f )o([ :C ' (- J (^)>e)])(T x ([^ OTT^Jfl,^ ([(/.] OTT^)^) = 

Kw-i^g )(^(x))(T x ^v 1 ,T x ^v 2 ) = 
w(x)(T 2; (7ri o 0)«i,r x (7ri o (f)v 2 ) - Up >+ (J(x), e)(T x (7r 2 o 4>)vi,T x (ir 2 o <f>)v 2 ) = 
i*^{ x ){Tx{i^ ° tti o 4>)vi,T x (i^ o tti o 0)« 2 ) - u>0 r+ (rn,e)(nn,r 2 y) = 
z*w(a;)(T 2; (i M o tti o o 7Ti o 0)u 2 ) = c*ta+ M (£) (Tr^Tf,, , T^A',, «2 ) , 

completing thus the proof of this theorem. □ 

In the remaining of this section we will study the ray reduced spaces of the 
cosphere bundle of the Lie group G. Consider the action of the multiplicative group 
M+ by dilatations on the fibers of T*G\ {0 t *g}- The cosphere bundle of G, S*G is 
the quotient manifold (T*G\{O t *g})/K + - Denote by tt : T*G\{O t -g} -> S*(G) the 
canonical projection. Then, (ir,R + ,T*G \ {Ot*g}, S*G) is a R+ -principal bundle. 
S*G admits a canonical contact structure given by the kernel of any one form 
constructed as the pull-back of the Liouville form on T*G through a global section 
of the M+-principal bundle (tt,]R+,T*G \ {0 t -g}, S*G). Namely, for every global 
section a : S*G — ► T*G \ {Ot*g} the one-form 6 a = a* 9 determines the same 
contact structure. Note that n^+Qa = f a : where f a : T*G \ {Ot'g} — * R + is a 
smooth function with the property that f a (ra g ) = ^fa(a g ) for any r € M + and 
a g E T*G. The action by left translations of G on its cotangent bundle induces a 
free and proper action on the copshere bundle given by 

g' ■ {a g } := {T*, g L g -ia g }, 

for all {ag} € S*G and g' € G. Since it is a proper action which preserves the 
contact structure, there is always a global section a such that the action will preserve 
the associated contact form 9 a . Then, this action admits an equivariant momentum 
map defined by 

(J sL ({a g }),0 := 6 a ({a g }(ts* G )({a g }) = U(a g )a g ^ G (g)), 

where {a g } € S*G and (eg. That is, J S L(& g ) = f a (a g )a g , for any {a g } £ S*G. 
Here we have briefly recalled the construction and some of the properties of the 
cosphere bundle of a Lie group. For more details the interesting reader is referred 
to [DJ, HI], and [3D]. 

Denote by Diag (^S*(O k +^) x -^-J the diagonal product of the 7r-quotient of the 
ray orbit of /j, and The quoteint space S , *(Or+ a1 ) is a smooth manifold since 
the R + -action on 0^+^ is f ree an d proper. The map 

G 

[9] G T , ► AcTrfi 
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is a diffeomorphism. Define the following one form on Diag (s* (Or+ ai ) X -jg- 

(5.8) r}o R+ ^({Adlrfj,},g)(T Ad * r ^ ]& +^(a(^Ad^riJ, + r'Ad* g rfj,,^G(9)) ■= 

f a (T;R g - irfJ ,){Ad* g rfx,0, 

for any ({Ad*r[i},g) £ Diag ^5*(Or+ m ) x -^-^ and any tangent vector 

/ Q 

TAd*r^ 7r R+ fi { a d^Ad*r/i + r 1 Ad* g r^,^ G {g) £ T({Ad*rn},g) Diag ( 5*(C R+A1 ) x — 



As we will see in the proof of the following Theorem, the diagonal manifold 
^Diag (jS* (Or+ m ) x -j=i-^j ,r)o K+ ^ is a well defined exact contact manifold. 

Theorem 5.3. Let the Lie group G act on its cosphere bundle S*G by the lift of 
left translations on itself. Suppose \x is an element of the dual of its Lie algebra 
with kernel group and the property that ker/i + g^ = Q, where is the isotropy 
algebra of /z for the coadjoint action. Then the ray reduced space at /i, {S*G) R + I1 

is well defined and contactomorphic to ^Diag ^S i *(Or+ m ) x -^-^j ,VO R+tl j! where 



T)o s+ is the one form define by (15.8 

Proof. First note that since the and M + -actions commute we have the equality 
J^ L 1 (R + /i) = n)). Even more the maps, 

<t> : (S G) R+M -» ^— ^ and J R + : ^— £ -> Diag ^5 (O k + m ) x Y~ 

defined by (f>([{a g }]) := {[a g ]} and J R +({[T* R g -irfi := ({Ad*rfi},g), for any a g in 
J^^K+Zi) are diffeomorphisms. Let * : (S*G) R+I1 -> Diag (s* (C R+M ) x -§-^ be 
the map ^ := Jr+ o 0. It is obviously a diffeomorphism with inverse given by 

* 1 : Diag (V(0 R+M ) x -^p) -> (^GV,,,*- 1 ^;^}^) = [{T^-^}], 

for any g £ G and r € R + . Denote by J7r+ m the reduced contact form of (S*G) R + lJi . 
Then, 

(5.9) (I-" 1 )* (7te+ M )({>ld;r//},5)(T Ad . rM 7r 1R+M (ad^d;r// + r'Ad;r/i,| G (5)) = 

d 



7r K + (,4d* cxp ti e tr Ad* g r^, g ■ exp t£) 

t=o 



^({T^-xr/x}) (T T . fls _ ir/1 7TR + (X«(T;ii 9 - 1 r/i))) = 

(^^(Tt.h^x^C^CT;^- 1 ^)) = UT;R g -ir,jL)0(T;R g -irri(Xt(T;R g -irri) 

= fa(T*R g -irfj,)J R (T*R g -irfj,) = f a (T g R g -ir(j,){Ad g rfj,,t,) = 

r]o K+iA ({Ad g rfj,}, g)(TAd*r fJ ,n m+fl (ad* i Ad g rn + r'Ad* g rfi, £ G (g)), 

for all £ S g and g £ G. Hence, go R+ is a contact form and \f r the required 
contactomorphism. □ 
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Corollary 5.2. In the hypothesis of Theorem 1 5. 3\ the contact form f?o R+ defined 
bv \5.8\ is G -invariant with respect to the following action 



6. Ray quotients of Kahler and Sasakian-Einstein Manifolds 

In this section we will study the behavior of Kahlcr-Einstcin metrics of positive 
Ricci curvature with respect to symmetries. Namely, in the hypothesis of Theorem 
12.21 and using techniques developed in [T^] and [T2] by A. Futaki, if M is a Fano 
manifold and u> represents its first Chern class we will show how to compute the 
Ricci form of the reduced space in terms of the reduced Kahler form u^+p and data 
on J _1 (R + /i) and the kernel group K^. As a corollary we will obtain that if M is a 
Fano manifold and the symplectic ray reduction of Theorem 12. II can be performed, 
then the ray reduced symplectic manifold M R + M will also be Fano. Even more, if 
M is a compact Kahler-Einstein manifold of positive Ricci curvature, then Mr+„ 
is Einstein if and only if the norm of a certain multi vector field defined using the 
kernel algebra t M and the algebra m defined in (|2.3p is constant on J~ 1 (R + fi). 

Recall that the Ricci form p of a compact Kahler manifold (M, g, u>) is a real 
closed (1, l)-form whose class in the de Rham cohomology group H^ R (M) defines 
the first Chern class of the manifold. Suppose that the Kahler form u> represents 
the first Chern class of M . Then, applying the local i<9<9-Lemma (see, for instance 
[26]). we obtain that there is a smooth real function / such that p — ui = ^^^ddf. 
If the compact Lie group G acts on M by holomorphic isometries, then there is 
always an associated equivariant momentum map J : M — > g*. We will now recall 
its construction. 

By Theorem 2.4.3 in |12j there is an isomorphism between the complex Lie alge- 
bra of holomorphic vector fields on M and the set of all complex-valued functions 
u satisfying A /it — u — 0. This isomorphism is given by u \— > gradu. Here, A/ is 
the differential operator given by 



with A the complex Laplacian, V the covariant derivative associated to g and 
(zi)i local holomorphic coordinates. Then, the infinitesimal isometries associated 
to the elements of the Lie algebra g embed in the space of holomorphic vector 
fields on M as follows: assign to each £ £ g the holomorphic vector field £' M := 
\{£,m — V— ICg^Af)- C denotes the complex structure of (M, g). In other words, all 
the infinitesimal isometries are real holomorphic vector fields. Therefore, there is a 
smooth complex function u^> with grad u^> = Cm ■ 

Lemma 6.1. For every £ element of the Lie algebra g, the above defined function 
v,£i is purely imaginary. 

Proof. Since G acts by holomorphic isometries, £m(/) = and we have 



A f u C M = A^-^(/) = A^+^-C&v^/andA^ = A<I^-^-C(£ M )/. 





u i — ► Au — VWi/ = Au- g i5 -^d z J = Au - gradu(/), 
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Using the fact that A/Uf — u^i = it follows that 

t 6 - 1 ) A ( u s' M + u e M ) = u e u + u e M - 

On the other hand, it is well known that on a complex connected Riemannian 
manifold, if X , the gradient of a function u is a holomorphic vector field, then it is 
a Killing vector field if and only if u + u is constant. In particular, if u is purely 
imaginary, then the real part of X is a Killing vector field. For a proof of this, see 
for instance [7]. Applying this to X = grad(u^' + %' ) we obtain that ttf/ + u^' 
is a constant function. Hence, (|6.ip implies that u^> + = 0. □ 

Proposition 6.1. Let M be a compact complex manifold of positive first Chern 
class and dimension n. Choose any Kahler metric g which represents the first Chern 
class and suppose the Lie group G acts on [M, g) by holomorphic isometries. Then 
the map J : M — > Q* , (J(a;),£) := jp^' defines an equivariant momentum map 
for the action of G on M . 

Proof. In a local holomorphic coordinate system [z\, z n ), the Kahler form asso- 
ciated to g is given by uj = d z a a. dz&. Then, for any £ in Q, 

and 

proving thus that J is a momentum map. To show the equivariance of J, fix g G G 
and g. Observe that the G-action commutes with the operator Af and that for 
any vector field Y of type (0, 1) we have 

W (grad( 9 *^),y) = Y(g*jt) = (g*Y)jt = wferadu^, g*Y) = 

^{g* 1 ^^) = u((ad g -t£)' M ,Y) = w(gradu (Qd9 _ 1?) - M ,r). 

Hence, J is also G-equivariant. □ 

Assume that the hypothesis of Theorem 12.21 are verified for a momentum value 
fi. Choose {£i}i = i,fc and {rji\ i= i, m basis of 6 M and m such that the associated 
infinitesimal isometries form an orthogonal frame of the vertical distribution of 
'''R+At : J _1 (K + At) — ► Af R+A1 and of xtim respectively. Recall that mM is the space 
defined in the decomposition (12. 6p . Denote by £' A 77' the multi vector £ 1M A ... A 
£fcM ^ rfiM ^ ■■■ ^ ImM' We are now ready to state the main theorem of this section. 

Theorem 6.1. Let (M, g,w) fee a Fano Kahler manifold with uj representing its 
first Chern class. Let G be a Lie group acting on M by holomorphic isometries. 
Suppose that fj, is an element of the dual of the Lie algebra of G such that the ray 
reduced space is a well defined Kahler orbifold ujk+^) -Assume that the kernel 

group K^ is compact. Then, the Ricci form of the ray reduced space is given by 

(6-2) p K+M = w R+M + ^^<9<9(/ R + M + log ||£' A r/|| H+/ J, 

where /r+ m and ||£' A t/Hh+u are the K ^-projections of f and the point-wise norm 
of the multi vector £' A rj . Consequently, M R + M is also Fano. 
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Proof. First note that £' A rf is /^-invariant. For any g G G and a; G M, £,m{gx) = 
g*(ad g -i£)M(%)- Since the kernel group is compact, det(ad g -i |t ) = 1 and 

K1mA-A4m)W = (det(ad fl -i|t M )ff,(^ 1M A...A^ M )(a;) = <?*(£ M A...A& M )(z)- 

Even more det(ad 9 -i | fl ) = det(ad 9 -i | B ) det(ad g -i | m ) and since G M and G are com- 
pact, it follows that det(ad g -i | m ) = 1. By an argument similar to the one above 
we obtain that the multi vector £' A rf is if^-invariant. 

The action of being by isometries it is clear that the point wise norm of 
£' A rf is also ^-invariant. Recall from Theorem 12.21 that we have the following 
orthogonal decomposition: 

(6.3) T X M = V X ®H X @ m M {x) ffi C{V X ). 

V x is the vertical space at x of the Riemannian submersion 7r R + M : J _1 (R + /x) — > 
M-R-t-^ and it is generated by {&M (20}i=i,fc> The horizontal space at x is Ti x and 
v\m{x) is invariant with respect to the complex structure C. Let V and M. be the 
distributions defined by {Vx®C(Vx)}xe.J- 1 (S+n) and {m M {x)} x( zj-i(R+ Consider 
the following decompositions 

M®C = M 10 © M ' 1 . 

Then we have that i* + T^M = H 1 ' © V 1 ' © M 1 ' . Denote by V h , V, V m , and 

V R+M the connections induced by the Levi-Civita connection of M on Tt 1 ' , V 1,0 , 
7W 1 - , and i£ + T^M (or their determinant bundles). Let 6 h , 9", 6 m , and K " t > 
be the connection forms of the above defined connections with respect to the local, 
orthogonal and K^- invariant frames Y\ A ... A Y s , £' 1M A ... A £' kM , rj' 1M A ... A r)' mM , 
YiA...AY s At[ M A...^' kM Arf 1M fK...Ar,' mM , respectively. Then, R+ » = 9 h + 9 v + 6 m . 
Extend the connection forms by 

e h h {Y) = e\Y) efa M ) = o e h h ( VM ) =o ^(F) = o e^ M ) = e h (fa) 
ei(Y) = e v (Y) to*) = o ei{ m ) =o ^(f) = o ^m) = 0^) 
C(Y) = 0m(y) C(Cm) = ^(^ m ) =o C(f) = o 07(tM) = e m (ZM) 



e h v ( r]M ) = o ei(Y) = o <(a f ) =o e h m { m ) = e h { m ) 

for any F G H, fa G V, and r) M G X . Then 9 = e)\ + B, where B = 9* + 6^ + 9 v h + 
°v + C + #/T + C + C ■ Finally, let (9 R+M be the connection form of the fiber bundle 
detT 1,0 M R + A1 with respect to the local orthogonal frame 7Tr+„*Y"i A ... A 7Tr+ u*F s . 

We want to prove that (7Tr+ a1 )*#k+ ai = 0^- First, note that the Levi-Civita con- 
nection of M K + M is given by 

vf^ 2 = ir R+ ^(hor(\7 Xlh X 2h )), 

for any X\, X 2 vector fields on the quotient. Here hor denotes the horizontal 
projection and X\h, X 2 h are the unique sections of the horizontal distribution 
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which project onto X\ and Xi- Then, we obtain 

«^M»)(Xh) = V® + + ^ Xfe (7r R+ ^(Fi) A ... A 7r R+M .(Y fc )) = 

= tt m+ai * (VxjYi A ... A Y k )) = tt k+m * (flji(Jffc)yi A ... A Y k ). 

Since the frame is ^-invariant it follows that 9^(Xh) is a if^-invariant function 
on J _1 (R + /i), for any horizontal vector field Xh- Therefore, (7Tr+ „)* 6*r+ „ = 0jj and 
(6.4) 

where B := d9 h v + d9 h m + d9 v h + dd v v + d9» n + dO™ + d6™ + d9™. 
Observe that 

(6.5) del = ^ +M (aiog ue'iii^) = 7r; +M (aaio g ||^||| +M ). 

Indeed, fix Y a section of 7Y 1: °. Working in holomorphic coordinates it is very easy 
to see that V^£^ f = 0. On the other hand 

VK' = Am A ■ A gg #i#^ M A ... A = 

(6.6) 4 " HsmII 



Z 4 — 1 



Hence formula (|6.5p follows. In a similar way we can see that d9™ = ^+ ^{dd(log\\ , q'\\' 2 )) 
Therefore, 

(6.7) d6l + d9% = ir^^ddlogW A r/|| 2 ). 

Applying Lemma 7.3.8 in [TJ], we know that for any 7, section of det T 1,0 M 
and any £ in 6 M , L^ M j = Vj M 7 — (27rv / — 1A J^)j. In particular, for 7 := Yi A 
••• A F s A Cim A ■•• A Cfe M A ?7 1M A ... A rf mM , along J-^R+m) we get V^ M 7 = 
L 5m 7 + (27r v Ar TAJ«)7 = -(Cm /)7 = and V w 7 = -{v' M fh- Recall that from 
the definition of J we have that u^i — = 0, for all £ € 6 M and 77 6 m. Let 
9 V :=6 h v + 9% + 9™ and 9 m := 9^ + 9 v m + 0™. From the above computations we have 
that 9 V (£ M ) = -£ M (f) and 9 m (r] M ) = ~v' M (f) = °> for ah £ € t M and all 77 £ m. 
Notice that for the last equality we have used the fact that v&m is invariant with 
respect to the complex structure C. 

The definitions of 9 V and 9 m imply that 

(6.8) 9 V = -i* R + u df + ^+ u df R + u d9 v = i* R + u ddf - ^+ u ddf M + u , 

(6.9) d9 m = 0. 

iFrom ((O)) . ([677]) . (|63|) . and (JBTHJ) , the conclusion of the theorem follows. □ 
Theorem 12.21 Proposition 13.21 and Theorem 16.11 entail the following corollary. 



Corollary 6.1. In the hypothesis of Theorem \2.SX suppose M is also Kahler- 
Einstein of positive Ricci curvature. Then ray reduced space M R + M is Kahler- 
Einstein if and only if A t/Hr+u is constant on J _1 (M + /i). 

Proof. It is just a matter of definitions. □ 



KAHLER AND SASAKIAN-EINSTEIN QUOTIENTS 29 

Theorems 2.5 in [4] and 16.11 imply 

Corollary 6.2. In the hypothesis of Theorem \6.1[ if M has Ricci curvature strictly 
bigger then —2, then so does Mg+„, 

Examples 6.1. We will now show that all the reduced spaces obtained in some 
examples of [8] are in fact Sasakian-Einstein manifolds. In Example 3.2 of this 
article we let the torus T 2 act on the sphere S 7 as follows: 

(( e v^T* 0j e V=K 1)} z) _> ( e -V^T*o ZOj e V^to Zu e S=it lz2f e V=lt lz3 y 

Recall that the infinitesimel generator is given by: 

(ri,r 2 ) S 7(z) =n{y d Xo - x d yo ) + r 1 (-y 1 d Xl +x 1 d m ) 

+ r 2 (-y 2 d X2 + x 2 d y2 ) + r 2 (~y 3 d X3 + x 3 d y3 ), 

for any (n, r 2 ) in the Lie algebra of T 2 and the momentum map by J(z) = ((|zi| 2 — 
No| 2 , \z 2 \ 2 + |z3| 2 ),-), for any z G S 7 . For fj, :— («,•), v = (,1,1) we have that 
M R +^ can be diffeomorphicaly identihed with S 5 (-^) \ pr {z e S* 7 | |z | 2 = 5} ~ 

^(72) \ ^Tf), where pr : C 4 -> C 3 , pr(z , . . . , z 3 ) = {z ,z 2 ,z 3 ). Since the 
group is commutative the algebra m defined in (|2.3p can be identified with {0} 
and the multivector field of Corollary 16.11 turns out to be a simple vector field 
£' = (— r, r)g 7 = (— r, r) S 7 — 1(— r, r) s r , with r any non zero real number. A 
simple calculation shows that ||(— r, r)' s7 \\(z) = H||2|| = \r\ for all z G J _1 (M + /x). 
Hence ||(— r, r)g 7 || it is constant on J _1 (R + /i) and M R + M is a Sasakian-Einstein 
manifold. 

In Example 3.4 of the same article, a new Sasakian manifold is obtained for jj, 
defined exactly as above and the initial action on S 7 weighted into 

( (e u ° ,e^),z)^ (e u ° x ° z ,e u ^ z u z 2 , z 3 ), 

withAo, Ai positive constants. This time, the norm of £'(zo, z i, z 2 , z 3 ) = (— 1, 1)' s7 {zq, Zi, z 2l z 3 ) 
equals V^|Ai|||zi|| which is not constant on J _1 (R+/i) = S 7 n (C* x A) with A is 
the ellipsoid of equation 

N 2 (i + ^)+N 2 + N 2 = i. 

Therefore, the reduced Sasakian manifold 

M R+M = |J 5 x (r Ao a Al ) x{(z 2 , Z3 )} 

(z 2 , 2 :3)epr(J- 1 (R + M)) 

where pr : C 4 C 2 , pr(z , . . . , z 3 ) = (z 2 ,z 3 ), = V ^^^^ , and a = 
i s n ot Einstein. 

V A0 + A1 

On the other hand, the new contact structure obtained in [5], Example 3.5 is 
Sasakian-Einstein since the infinitesimal isometries generated by the kernel algebra 
of \x are independent of the configuration points. 
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